Abstract. It is shown that membership of holomorphic functions in HardySobolev spaces in the unit ball cannot be characterized by finiteness of any integral norm. In addition, sufficient conditions are given for a holomorphic function to be a pointwise multiplier of a Hardy-Sobolev space.
Introduction
A natural question to ask about a space of holomorphic functions is whether membership of a given holomorphic function in the space can be characterized by finiteness of some integral norm. For example, the Bergman-Sobolev space A , consisting of holomorphic functions with square integrable first derivatives, cannot be characterized by finiteness of any integral.
In this paper, we show that membership in any Hardy-Sobolev space H p s cannot be characterized by finiteness of any integral norm (see Theorem 4. 3 for the precise statement). This extends a result of Arveson [1] for a particular Hilbert space which may be realized as the Hardy-Sobolev space H 2 (n−1)/2 . As in Arveson's argument, the key technical step is the existence of functions in the ball algebra that are not in Hardy-Sobolev spaces.
A closely related issue is identification of the pointwise multipliers on the spaces under consideration. It was recently shown by Ryan and Stoll [6] that the HardySobolev space H p s forms a Banach algebra when sp > n, and therefore is its own multiplier algebra. Characterization of the multipliers on other Hardy-Sobolev spaces remains open, but we give sufficient conditions for a function to be a pointwise multiplier in Section 5. We do not know if our sufficient conditions are also necessary.
We want to thank Joe Cima for drawing our attention to some of the issues addressed here. We also thank Pamela Ryan and Manfred Stoll for providing us with an early draft of their paper [6] .
Preliminaries
For 0 < q < ∞ and λ ∈ C with |λ| < 1, let
and for z and ζ in the unit ball B of C n , let K q (z, ζ) = k q ( z, ζ ). In other words,
In the sum on the right of (2.1), α runs over all multi-indices in Z n + , and |α| = α j . When q is n or n + 1, K q is the classical Szegö or Bergman kernel, respectively, In general K q is a positive definite sesquiholomorphic kernel on B, which is the reproducing kernel of a uniquely determined functional Hilbert space of holomorphic functions on B, which we denote by H q . To be explicit, H q consists of all holomorphic functions
The associated inner product
for every f ∈ H q and every z ∈ B. The monomials z α form a complete orthogonal system for H q , and
It will also be convenient to define
where log denotes the principal branch of the logarithm. As before, K 0 is positive definite on B × B and is the reproducing kernel of a functional Hilbert space H 0 consisting of all holomorphic functions f (z) = a α z α on B satisfying
The Hilbert space H n is the classical Hardy space H 2 (B), and
where dσ is the normalized surface measure on the unit sphere S. For q > n, H q is a weighted Bergman space:
where dv is the usual Euclidean volume element on C n . For these matters, see [5, Chapters 3 and 7] .
For 0 ≤ q < n, H q may be viewed as a Hardy-Sobolev space. For 0 < p < ∞ and s ∈ R, we define the Hardy-Sobolev space H p s (B) to be the space of holomorphic functions on B satisfying
where
∂z j with fractional powers defined in terms of power series:
With this notation, H q = H 2 (n−q)/2 with equivalent, but not equal, norms. For a detailed exposition of these matters, see [3] .
A function in the ball algebra
Since the spaces H q may be realized as Hardy or weighted Bergman spaces when q ≥ n, it is clear that H q contains the ball algebra when q ≥ n. In this section we will use the homogeneous polynomials of Ryll and Wojtaszczyk [7] to construct a function in the ball algebra that is not in any of the Hilbert spaces H q with 0 ≤ q < n.
In [7] it is shown that there is a sequence (p k ) of homogeneous polynomials in the unit sphere of H ∞ (B) such that p k has degree k and
Since p k is homogeneous of degree k, it follows from (2.2) and Stirling's Formula that
for a positive constant c depending only on n and q. Let
Since p k ∞ = 1, the series converges uniformly on B to a function ϕ in the ball algebra. Moreover, since the polynomials p k are homogeneous of different degrees, they are orthogonal in H q , so
The sum on the right diverges if q < n, so ϕ ∈ H q for q < n. We have proved Theorem 3.1. The function ϕ defined by (3.1) is in the ball algebra, but is not in H q for 0 < q < n.
For clarity, we have restricted our attention to the Hilbert spaces H q , but essentially the same construction can be used to show that some other unitarily invariant Hilbert spaces of holomorphic functions do not contain the ball algebra. To be precise, for any sequence (c j ) of nonnegative numbers such that
Then K is the reproducing kernel for a unitarily invariant functional Hilbert space H K of holomorphic functions on the ball. The result is as follows. Proof. As before, the series ε j p k j converges uniformly on B and its sum ϕ is therefore in the ball algebra. Also as before, the monomials p k are pairwise orthogonal in H K , and
and therefore ϕ / ∈ H K .
Hardy-Sobolev spaces
In this section, we show that Hardy-Sobolev spaces do not contain certain holomorphic Lipschitz functions. We begin with a refinement of Theorem 3.1. 
Theorem 4.1. There is a function in the ball algebra that is not in H
with uniform convergence on compact subsets of B. Since the polynomials p k are orthogonal, for any 0 < r < 1,
which tends to ∞ as j → ∞. On the other hand, since p k ∞ = 1,
This contradiction completes the proof.
For s > 0, the holomorphic Lipschitz space Λ s is defined to be the space of all holomorphic functions f on B satisfying
where k is the least integer greater than s. 
where the p k are the Ryll-Wojtaszczyk polynomials. Thus D ε q k ∞ = p k ∞ = 1, and it follows that
for some positive constant c depending on ε and the dimension n. On the other hand, for 0 < p ≤ 2,
The first inequality follows from the fact that p ≤ 2 and |p k | ≤ 1 pointwise. Since the right side tends to ∞ as k → ∞, and, by (4.1), the sequence (q k ) is bounded in Λ ε , there is no continuous inclusion of Λ ε into H p s , which establishes the theorem when 0 < p ≤ 2. For p > 2, it's only necessary to observe that H It is natural to ask which spaces of holomorphic functions can be characterized by an integral norm. It is well known (see [3] ) that the Hilbert spaces H q are weighted Bergman spaces when q > n, and that H n is a Hardy space. It was shown by Arveson [1] that H 1 cannot be characterized by an integral norm when n > 1. Here we show that no Hardy-Sobolev space H p s with s > 0 can be characterized by an integral norm. In particular, Hq cannot be so characterized for 0 ≤ q < n. This is elementary when n = 1, but seems to be new in higher dimensions.
To be precise, for any Borel measure µ on B and any increasing function λ on [0, ∞) with λ(0) = 0, let H 
Multipliers
A functional (quasi-)Banach space 1 B on a set X is a (quasi-)Banach space of complex-valued functions on X such that for every x ∈ X the functional f → f (x) is continuous on B. We call a functional quasi-Banach space B on X total if for each x ∈ X there is an f ∈ B such that f (x) = 0.
A complex-valued function ϕ on X is a multiplier for B if the multiplication operator M ϕ f = ϕf maps B into itself, in which case it follows from the Closed Graph Theorem that M ϕ is continuous on B. The set M(B) of multipliers on B is an algebra of functions on X, which, if B is total, may be viewed as a (quasi-)Banach algebra by defining the norm of a multiplier ϕ to be the operator norm of the multiplication operator M ϕ . In the case of Hardy-Sobolev and Bergman spaces, the function space contains the constants, and so any multiplier must itself be a member of the space, and must therefore be holomorphic. Therefore we have 
